Abstract. In these lectures, we will describe a systematic procedure for constructing an inner product in a pseudo-Hermitian quantum mechanical system.
In recent years there is a lot of interest in PT symmetric quantum mechanical theories [1] where P represents parity or space reflection while T denotes time reversal. As we know P represents a linear operator while T corresponds to an anti-linear operator. As a result, in these theories the Hamiltonian is not Hermitian in the Dirac sense, rather it satisfies
where we have used the properties of the parity operator in the last step, namely,
The interest in these theories arises from the fact than even though the Hamiltonians in these theories are not Hermitian, the eigenvalues are real if the ground state of the theory is PT symmetric. We note that the reality of eigenvalues does not require that the Hamiltonian be Hermitian, namely, Hermiticity is not a necessary condition for eigenvalues to be real. A familiar example of a matrix Hamiltonian which is not Hermitian and yet has real eigenvalues is given by
which is not Hermitian, but the eigenvalues of the Hamiltonian are given by E = α, γ which are real. In this case, we note that if we define S = a where a, d are arbitrary constants, we can check that
which is quite similar to (1).
Any quantum mechanical system whose Hamiltonian can be related to its adjoint (in the Dirac sense) through a similarity transformation as in (3) ,
is called a pseudo-Hermitian Hamiltonian [2] . It is worth emphasizing that by definition, the similarity transformation is assumed to be bounded so that it does not take us out of the Hilbert space. We note from the definition in (4) that, in particular, when S = 1, the pseudo-Hermitian
Hamiltonian coincides with a Hermitian Hamiltonian. Therefore, Hermitian Hamiltonians define a subset of pseudo-Hermitian Hamiltonians. By taking the (Dirac) adjoint of the defining relation (4), we obtain
which shows (compare with (3) ) that the similarity transformation S can be chosen to be Hermitian
It is worth emphasizing here that to define the adjoint of an operator, we need a Hilbert space H with an inner product such that if |ψ ,|φ ∈ H
and a Hamiltonian is said to be Hermitian (self-adjoint) if
besides technical questions such as domains of the operators etc. Normally, the inner product in quantum mechanics is understood in the Dirac sense, namely, if |ψ , |φ ∈ H, then the inner product of the two states is defined to be
This inner product is defined independent of the quantum mechanical system under consideration and has the added advantage that it leads to a positive norm for any quantum mechanical state and we choose physical states to satisfy
which allows us to give a probabilistic description for the system. We are, of course, quite familiar with quantum mechanical systems where the Hamiltonian is Hermitian. In these lectures we would address the question of whether we can also have a satisfactory quantum mechanical description of a system whose Hamiltonian is pseudo-Hermitian [3] 
We note that, in general, the Hamiltonian in this case can have real or complex eigenvalues. The immediate difficulty that arises when H is not Hermitian is that the time evolution operator ( = 1)
is not unitary with the inner product (9)
since H = H † . This would result in nonconservation of probability under time evolution. This is, of course, the standard interpretation for non-Hermitian Hamiltonians and has been used in the past to describe systems with decay of particles. Here we would like to ask if a pseudo-Hermitian system can be defined in such a way that it leads to a probabilistic description together with a unitary evolution.
As we have already mentioned, concepts such as Hermiticity and unitarity are defined with respect to a given inner product. Therefore, the difficulty of nonunitary time evolution can possibly be avoided and we can define a unitary quantum theory if we can have a modified inner product with respect to which the Hamiltonian H will be Hermitian
where H ## denotes the adjoint with respect to the modified inner product. Before showing that this is possible let us study the quadratic form
where we have used (6) in the last step. We note that this quadratic form reduces to the standard Dirac inner product when S = 1 as we would like, since in that case the system is described by a Hermitian Hamiltonian. The adjoint with respect to this quadratic form, H # , would satisfy (see (7) as well as (15))
Comparing both sides we conclude that
which reduces to H # = H † when S = 1 as it should (namely, it should correspond to the Dirac adjoint in this case). We note here that the relation (17) is quite general in the sense that if we define a quadratic form with respect to an operator q, then the adjoint H ## with respect to this product would be related to the Dirac adjoint as
Using (4) (or (11)) we note from (17) that with respect to the quadratic form (15), the Hamiltonian, in fact, becomes Hermitian (self-adjoint)
Since S defines a product with respect to which the Hamiltonian is Hermitian, we expect that time evolution would be unitary with respect to this product
where we have used (4) in the intermediate step. This shows that time evolution is indeed unitary with respect to this product. However, this modified product does not yet lead to a quantum mechanical description.
To better understand the problem, let us note that if |ψ E and |ψ E denote two eigenstates of the Hamiltonian (E, E are in general complex and we denote the complex conjugate with a "bar") satisfying
then it follows that (we use (4) in the intermediate step)
so that we can write
Therefore, this determines
The exponential factor and, therefore, the product can become negative (for example, if S has negative eigenvalues as in the case of the parity operator P) and, therefore, cannot define an inner product. So, although time evolution is unitary with this modified product, the product cannot lead to a probabilistic description. As a result, a quantum mechanical description would not follow. We note that if S is positive, then the norm of the state is automatically positive. This is because in this case we can write
where we have identified
Thus, the energy eigenvalue equation can also be written as
As we have seen in (26) h is Hermitian so that we have
However, we are interested in the more general case where S is not necessarily positive. We note here that the exponential factor in (24) cannot vanish since this would imply that the state |ψĒ would be orthogonal to every state (pseudo eigenstate) and would reduce the dimensionality of the space. This will contradict the theorem from linear algebra that if S is a bounded operator and {|ψ E } defines a complete basis, then so does {|S|ψ E }. We can make the product (15) an inner product if we can remove the exponential factor in (24). This should, of course, be done maintaining the unitary evolution which can be guaranted by defining a new operator and a new product as follows. Let
which implies that
much like the similarity transformation S. (We note here that (31) can also be shown without assuming that A = f (H).) Let us next define a product with respect to the operator q as
which reduces to the Dirac inner product when q = 1. From (18) we note that with respect to this product, the adjoint will be given by
so that the Hamiltonian will be Hermitian with respect to this product and time evolution will be unitary. As a result, for any operator A commuting with the Hamiltonian, the operator q in (30) would define a product (32) which would maintain the unitary evolution. Let us next show that we can choose the operator A as well as a suitable Hilbert space carefully so that the product (32) becomes an inner product. Let This is reminiscent of the harmonic oscillator where we can identify the reference state with the ground state with the generators corresponding to (a † ) n up to normalization factors. Similarly, from (45) as well as (47) we can identify the eigenstates of H † to correspond to
Some comments are in order here. Since H is not Hermitian, we have two sets of eigenstates
and we have to construct generators for both these sets of states. If H = H † , then the two sets of states would coincide, but when H is pseudo-Hermitian, the two sets would be related by some operator which we will see shortly to correspond to q. From the definition of a pseudo-Hermitian system (4) we note that
so that comparing with (51) and (52) we can write
where α E is a constant. Taking the inner product with ψĒ| we obtain
If we choose the normalization ψ|φ = 1,
then (54) and (55) determine
Furthermore, following (57), let us define |φ = q 0 |ψ , such that ψ|φ = ψ|q 0 |ψ = 1.
From this analysis we see that for every E we can write
Therefore, we determine q =
and that
as we would expect. This construction of the operator q and the inner product works for any pseudo-Hermitian Hamiltonian with real or complex eigenvalues. Furthermore, since Hermitian Hamiltonians define a subset of pseudo-Hermitian Hamiltonians, it should work for such systems as well leading to q = 1 and reducing the inner product (32) to the standard Dirac inner product.
Let us check this in the case of the harmonic oscillator where the Hamiltonian has the form ( = m = ω = 1 and we add a constant to remove the zero point energy for simplicity)
This is a Hermitian Hamiltonian with real energy eigenvalues
In this case, we can identify the reference state with the ground state which leads to
Using the standard commutation relations between the annihilation and creation operators we obtain
Comparing with (44) we now determine
Since the ground state is already normalized (see (64)), it follows from (58) that in this Hermitian case,
Furthermore, the inverses of the generators are easily seen to correspond to
Furthermore, the projection operators on to the energy states are given by
which follows from the completeness of the harmonic oscillator states. Furthermore, P n can be checked to satisfy
It follows now from (60) that
Our construction indeed reduces to the standard inner product for a Hermitian Hamiltonian. Let us next apply our construction to a simple 2 × 2 matrix Hamiltonian which is pseudoHermitian. Let us consider the Hamiltonian
This Hamiltonian is not Hermitian. However, if we define a matrix
we can check that
so that the Hamiltonian is pseudo-Hermitian. Note that this Hamiltonian is not PT symmetric (unless s = t, φ = 0) where the parity operator is defined by
and time reversal T corresponds to complex conjugation. However, we note that we can define a modified parity operation
and the model is PT symmetric (T is complex conjugation). For s = t, P → P, but note that although P 2 = 1, unless s = t
as in (1). The eigenvalues of H are determined to be det re iθ − E se iφ te −iφ re −iθ − E = 0, whose roots are given by
or, E ± = r cos θ ± st − r 2 sin 2 θ.
Therefore, for st > r 2 sin 2 θ, the energy eigenvalues are real while for st < r 2 sin 2 θ, the two energy eigenvalues are complex conjugates of each other (for st = r 2 sin 2 θ the Hamiltonian cannot be diagonalized). Let us discuss only the case with real eigenvalues for simplicity, the complex case is also straightforward.
Let us define
We can work out the the eigenstates corresponding to the two eigenvalues easily and they have the forms
The projection operators in this case can be determined to correspond to
which satisfy
Therefore, the projection operators project on to complementary spaces. Furthermore, they satisfy the relations
Let us choose the reference state to be
Furthermore, from the form of the eigenstates in (78) and the definition
we determine that
The defining relation (44) leads to
Similarly, analyzing the eigenstates of H † , we determine that
where the normalization is chosen so that ψ|φ = 1 (see (56) . With all this information, we can now determine q from (60)
It can be checked now that
This analysis can be extended to the case of complex eigenvalues in a straightforward manner.
(This can also be extended to n × n matrix systems.)
The construction that we have described seems to require a knowledge of the energy eigenstates of the theory (so that we can construct the generators of energy eigenstates). However, we cannot solve most quantum mechanical systems. In this case, we determine the energy eigenstates perturbatively. Therefore, following our ideas we can construct the q-operator or the inner product perturbatively. The pseudo-Hermitian systems differ from Hermitian systems in this respect. Namely, the inner product in a Hermitian system is given independent of the dynamics whereas in a pseudo-Hermitian system it depends on the dynamics of the system. Let us consider a pseudo-Hermitian quantum system (with real eigenvalues) whose Hamiltonian can be writen as
where H 0 can be solved exactly and is a small perturbation parameter. Of course, H 0 can be Hermitian or non-Hermitian. However, in most examples, it can be chosen to be Hermitian which we consider for simplicity. Let us denote the generators of eigenstates of H 0 by σ
E so that we can write |ψ
where |ψ denotes the reference state. Since H 0 is assumed to be Hermitian, as we have shown in the case of the harmonic oscillator (see (68) and (72))
The perturbative expansion of the eigenstates of the total Hamiltonian is given by
where |ψ 
E . As we know in standard quantum mechanics, the corrections at any order can be chosen to be orthogonal to the state
